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INTRODUCTION

We start our discussion with a problem which has been posed by
> Groot in 19L2,

A space is said to be semicompact if each point of the space has
"bitrarily small neighborhoods with compact boundaries (the notion of
:micompactness was first introduced by Zippin [26]).

In [15], de Groot proved that a separable metrizable space is semi-
mpact if and only if it can be compactified by adding a set of dimension
>t exceeding zero.

The notions of compactness degree and deficiency of a space come up

iturally. The compactness degree of a separable space X - cmp X - 1s de-

.ned in a similar way as the small inductive dimension, ind, but starting
.th the definition that cmp X = -1 if and only if X is compact. The

mpactness deficiency of a separable space X - def X - is defined by

of X = min {ind Y\X]Y is a metrizable compactification of X}. Now the

)ove characterization of semicompactness can be rephrased as follows:

leorem. Let n = 0 or -1. For every separable metrizable space X,

cmp X < n 1f and only if def X < n.

» Groot (l.c.) has posed the following problem:

n the above theorem (or some modification of it) be proved for all
> =17

. affirmative answer to this question will give a nice and elegant
nternal" characterization of the "external" property def X < n.

The following questions are related to the problem above.

Wat are internal necessary and sufficient conditions on a separable
metrizable space X so that def X < n?

Is it possible to obtain a fruitful generalization of dimension theory
by replacing the empty set in the definition of inductive dimension

by members of some class of spaces?

What is the special role of the empty set in the theory of inductive

dimension?
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Since the original problem of de Groot is still unresolved in spite
msiderable efforts ([161,[17]1), the questions 1, 2 and 3 are of in-
st

The internal characterizations of def X given so far (question 1)
juite complicated ([53, [241).

The answer to question 2 is yes. In these notes an account will be

1 of what has been done so far in establishing the theory of dimension

.0 a class of spaces.

From the results which have been obtained, the answer to question 3
be clear. The role of the empty set is a minor one. Analogues of
mental theorems like the sum and decomposition theorem can be proved

limension modulo a class P under mild assumptions on P.

1ew results discussed in these notes are due to joint research of

sssor T. Nishiura and the author ([8], [9] and [10]).

INTIONS AND NOTATIONS

is a subset of X, then B, (A) (cl_(A)) denotes the boundary (closure)

X X
in X. If the space X need not be emphasized the subscripts will be
»ed.

All spaces under discussion are assumed to be heriditarily normal

:21). Beginning with section 6, all spaces are to be metrizable.

VDUCTIVE INVARIANTS

The most important dimension functions are the weak inductive

1sion ind, the strong inductive dimension Ind and the covering

1sion dim. We start with the generalization of the inductive dimension
;cions. We shall chiefly discuss the generalizations of the strong
»tive dimension.

A class P of spaces is topologically closed if for every X € P

>lass P contains all spaces homeomorphic to X.

1itions 1. Let P be a topologically closed class of spaces. The

1g (weak) inductive dimension modulo P, denoted by P - Ind (P - ind),
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defined for every space X as follows:

P-1Ind X=P-ind X = -1 if and only X € P.
For each integer n > 0, P = Ind < n (P - ind X < n) provide
each non-empty closed subset (each point) of X has arbitrar
en neighborhoods U such that its boundary B(U) has
- Ind B(U) < n-1 (P - ind B(U) < n-1).
For each integer n > 0, P - Ind X = n if P - Ind X < n an
- Ind X i_n—1. If P - Ind X i_n for each n, then P - Ind X =

milarly, P - ind X =n, n = 0,1,2, ..., are defined.

Clearly P - Ind and P - ind are topological invariants, s
quired to be topologically closed. Lelek, who first introduc
tion of inductive dimension modulo P, used the name "inducti
r invariants of this type [19].

By an easy inductive proof it is verified that P - ind <

amples.
{#} - Ind = Ind, the strong inductive dimension.
{¢} - ind = ind, the weak inductive dimension.

If X# ¢ and @ - Ind X < 0, then Q # @.

It follows that @ - Ind X > 1, whenever X # (.

So § - Ind X = Ind X+1 for every space X.

Similarly @ - ind X = ind X+1 for every space X.

Let K = {X|X is compact}.

For every separable metrizable space X, K - ind X = cmp X (
In section 5 we shall show K - Ind o =.n, where E" is the

n-dimensional Euclidean space. From this it is clear that t
dition K - Ind X < n is not a necessary condition for def X

P = {X | all components of X are metric continua}.

eorem ([20]). Let X be a compact Hausdorff space. If X is th

nuous image of an ordered compactum, then P - Ind X < 0.
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t%={XIMdXim,m=4mJ@,”
- Ind X = sup{Ind X - (m+1), -1} as can be show

ductive proof.
The easy proofs of the following propositions ar
sition 1. If P < Q, then P - Ind > Q - Ind and P

sition 2. For every space X and every class P we
nd X <Ind X+ 1 and P - ind X < ind X + 1.
ver, if ¢ € P, then/P - Ind X < Ind X and P - in

ER CONVENTIONS.

lasses of spaces are assumed to be topologically

ew of example 2 we shall assume that every class

simple

ted.

> Q - ind.

ind X.

d.

non-empty.

all also assume ¢ € P. This assumption is made i
in pathologies like the following:
If ¢ ¢ P, then P - Ind X = 0 if and only if X =

' follows from every monotonicity condition on P

FICIENCY AND SURPLUS

First we formulate the extension problem. Let P
s. We say that Y is a P-hull of X if X € Y and Y
iciency of X is the infimum of the set of number
Y \'X | ¥ is a P-hull of X}. This infimum will b
ef X.

SION PROBLEM. For what classes of spaces P is P

y, we can formulate the excision problem. If P i

s, we say that Y is a P-kernel of X if Y ¢ X and

ng) P-surplus of X is the minimum of the set of

X\ Y | Y is a P-kernel of X}. This minimum will

ur X.

r to avoid

erve that

on L).

lass of

The (strong)

ted by

= P - Def?

ass of

'. The

S

noted by
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CISION PROBLEM. For what classes of spaces P is P - Ind = P - Sur?

om the viewpoint of the theory of the inductive dimension modulo a
ass of spaces a theory of kernels and surplus is more natural than
eory of hulls and deficiency. As a matter of fact the theory of

rnels is related to the theory of normal families (section 6).

amples

{¢} - def X = -1 if and only if X = ¢.

{¢} - def X = » if and only if X % ¢.

{¢} - Sur = Ind.

Let S = {X | X is o-compact}.

Let Z = B x In, where I is the unit interval and B is the space o

the irrational numbers. Then

S-8ur 2 =S - Ind = n.

S - Sur = n is proved as follows. If K is any S-kernel of Z, then
the natural projection of K into B is o-compact. Since B is not
g-compact, there is a point g € B such that {q} x I" n K = ¢. So
Z \K>{q} x I" and Ind Z \ K = n.

From the results in section 8 it follows that S - Ind Z = S - Sur
Let K = {X | X is compact}.

R denotes the real line (with the usual topology).

K - ind R = K - Def R 0.

K- Ind R=K-Sur R=1.

As for K - Ind R = 1, observe that the disjoint closed sets
F={n|n=2,3,...} and G = {n +-% n=2,3,...} cannot be

separated by a compact set.

Note that by using other dimension functions, we can obtain sev

pes of deficiency and surplus (see [9]).
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MENSION MODULO A CLOSED MONOTONE CLASS

In our discussions we have to assume certain monotonicity condi-
. A class P is said to be monotone if X € P, whenever Y € P and
. The other monotonicity conditions have the following form: If
a certain type of subset of Y and Y € P, then X ¢ P. The types

all consider are closed, open, FO and G_.. We will use these modi-

5
to express the type of monotonicity we wish to use. For example,

d monotone class P.
In this section several properties of dimension functions modulo

sed monotone class are presented

em 1. A class P of spaces if closed monotone if and only if for
space X for every closed subset F of X we have

nd F i.P - Ind X.

. Since the "if" part is obvious, we prove the '"only if" part.
roof is by induction on P - Ind X.
se F is a closed subset of X. If P - Ind X = -1, then X ¢ P, which
es F € P; nence P - Ind F = -1.

e the theorem for X with P - Ind X < n - 1.
- be a non-empty closed subset of F and U an open neighborhocd of
F. Then X \ (F\U) is an open neighborhood of G in X.

G is also closed in X and P - Ind X < n, there is a neighborhood
G in X such that G ¢ V < X \ (F\U) and P - Ind B(V) <n - 1. Then
"n F is a neighborhood of G in F, which satisfies G ¢ W ¢ U and

S BX(V).

B_(W) is a closed subset of B

F X
nd BF(W) <n - 1. Thus we get P - Ind F < n.

(V), by the induction hypothesis

sition 1. Let n > 0. Suppose P is closed monotone. Let A be a
t of X with P - Ind A < n.
for any disjoint closed subsets F and G of X there exists an open

" such that F € U c X \ G and P - Ind(B(U)nA) <n - 1.
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roof. Since ¢ e P, we may assume that F and G are disjoint non-empty
losed subsets of X. By virtue of the normality of X there exist open
sts V and W satisfying F cV, G c W and c1(V) n c1(W) = @. Because P
- Ind A < n, there exists a neighborhood D of c1(V) n A in A satis-
ying ¢1(V) n AcDc A\ cl(W) and P - Ind B, (D) <n - 1.

sserve that B, (D) = c1,(D) n clA(A\D).v

A A

st F1 =F u (AN clA(A \ D)) and G1 =Gu (AN clA(D)).

sither of the disjoint sets F1 and G1 contains a cluster point of the

A

ther. By virtue of the heriditary normality there exists an open set
such that F1 c U and ch Un G1 = 3.

(U) = c1(U) \ U and BX(U) n A =3B (D). The proposition follows.

X X A

y applying proposition 1 repeatedly we get

ropisition 2. Suppose P is closed monotone. Let P - Ind X < n.

1en for every open collection {Ui | i =1, ..., n+ 1} and closed
ollection {Fi | i =1, ..., n+ 1} with F. < U, there exists an open
b>llection {Vi | i =1, ..., n+ 1} such that Fi c Vi c cl(Vi) c Ui and

{B(V,) | i=1, ..., n+ 1} € P.

roposition 3. Suppose P is closed monotone. Let A and B be subsets of
space X such that X = A v B.
fP-IndA<nandIndB<0, then P-Ind X <n + 1.

roof. Let F be a non-empty closed subset of X and let V be a neighbor-
ood of F in X. By virtue of proposition 1 there exists an open set U
atisfying F ¢ U ¢ V and Ind (B(U)nB) < -1.

ence B(U) c A. By virtue of theorem 1 we have P - Ind B(U) < n.

roposition 4. Suppose P is closed monotone. Then P - Ind < P - Sur.

he proof of proposition 4 is similar to that of proposition 3, using
nduction on P - Sur. The theorem below can also be proved in a similar

ay, using double induction (cf. [ 1], p.28).

class P is said to be additive if Z € P whenever Z = X U Y, X € P

nd Y € P.
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rem 2. A closed monotone class P Is additive if and only if
P-Ind (YuZ) <P-IndY+P-1Ind2Z+ 1

any subsets Y and Z of a space.

articular, P - Ind X cannot be raised by adding a member of P to X

ided that P is additive.

>sition 5. Suppose P is closed monotone and open monotone.

P - Ind < P - Def.
oroof is by induction on P - Def (see [5] for more .details).

Serexample.
inalogue of theorem 2 fails for P - ind as the following example

{ be the union of an open disc A in the plane and a boundary point
A. Let K be the class of compact spaces.
ind A=0, K- 1ind {b} = -1 and K - Ind X = 1.

[HE EILENBERG — BORSUK DUALITY THEOREM.

1is section we give an outline of the proof of the following theorem
ttension of maps (i.e. continuous functions), which was first proved

.lenberg in the compact case [13].

rem 1. Let O <k <n. Suppose A is a closed set of a space X with
{\ A <n. Then for each map f: A - Sk, from A to the k-dimensional
e, there exists a set E ¢ X \ A, E closed in X with Ind E <n - k
that f can be extended over X \ E.

result of Eilenberg was first improved by Borsuk [12] (separable
.zable case) and later by Akasaki[11] (general metrizable case).
1all indicate a simple and elegant proof for theorem 1 in the case

all spaces are heriditarily normal, employing inductive dimension

.0 a class. For more details see [8].
*ve that the only information of theorem 1 is the upper bound for
limension of E (since Sk is an absolute neighborhood retract!).

Usually (cf.[1] ,[3] and [4]), the special case k = n of theorem 1
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.s presented as a corollary of the following well-known result about
nappings in spheres:
"or every closed subset C of a heriditarily normal space X with
md X < n and for every map f:C > g there exists an extension of f
wer X.

It is surprising that this property remains valid and can be pro-

red similarly if we pass from Ind to P - Ind.

Theorem 2. Suppose P is closed monotone. Let P - Ind X < n, (n20).
fhen for every closed set C of X and every map f of C into st there
sxists a closed P - kernel E of X with E ¢ X \ C such that f can be

:xtended over X \ E.

Jutline of the proof of theorem 2. We shall regard s"™ to be the boun-

+ +1 . . . . +
lary of " 1, where I ! is the (n+1)-dimensional cube in E" 1;

n+1 _

0,...,0) is denoted by q.

ves X |Xi| <1,1=1,..., n+ 1}. The point
The proof has the same pattern as that of the above mentioned
sheorem about meppings in sphere (seellL], III 1.A and 2.A).
. . +1 .
et £ : C~» Sn be as mentioned. Since i 1 1s an absolute retract,

n+1

F - considered as mapping into I - has an extension over X, which

7e denote again by f.

set f(p) have the coordinates f1(p), cees fn+1(p).
1

2 = = > = . < -
ut € > and F, {p | fi(p) > e}, G {p | f;(p) < -el,
i=1, ..., ntl.
3y virtue of proposition L.2 there exist open sets Vi’ i=1, ..., n+

such that F, < V. < cl(V;) « X \ G; and E
is a closed P - kernel of X. It is clear that

EcX\ v {Fi u G, li=1, ..., n+ 1} cX\ £ (8
Also n {B(Vi) \E|i=1, ..., n+ 1} = @. Since X \ E is normal, in

n{B(V,) [i=1, . ...,n+1

Tie™ ex\ c.

the subspace X \ E there exists open sets Wi with
21, (V.) VE c W, < X\ G and
(x) n {Wi \ A |i=1, «.., n+ 1} = @.

Ne construct maps ¢i : X\ E > [-e,e] such that
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1

"(0) < W\ V., ¢i' (e) = F. and ¢i_1(—e) = G..

ning g, by g (p) = f.(p), p ¢ F. UG

gi(p) ¢i(p), pe X\ (Fi U Gi uE)

btain maps of X \ E into I.
+1 .

g : X\ E~I" defines by g(p) = (g1(p), cees gn+1(p))

rontinuous and p(f(p) , glp)) < % for every p € X \ E (p denotes the

. + .

ic of I 1). In view of (%) we have q ¢ g(X \ E).

\ standard way it can be proved that g can be required to be equal

. -1, 40

on £ (S7).

1

. . . +
compositon of g and the projection of i \ {q} onto s" from the

in 1s the desired extension of f.

f of theorem 1. Let P={X | Ind X <n -k - 1},
. P =-1Ind X \ A <k (example 2.5).

f: A~ Sk as mentioned in the theorem. Since Sk is an absolute
hborhood .retract, there is an open set U of X containing A and an
nsion g of f over U. We consider an open set V such that

Vcel(V) cU. X\ Vis a closed subset of X \ A. By theorem k.1,
Ind X \ V < k. By virtue of theorem 2 the map g | BX(V) : BX(V) > S
an extension k : (X \ V) \ E ~» Sk, where E 1s a closed P - kernel

“with E ¢ X \ ch(V).

k

ing fT(p) = g(p) for x € ch(V)
h(p) for x € (X \ V) \ E

btain the deserved extension of f over X \ E.

E<n-k-1<n-k.

ple. Let K = {X | X is compact}.

hall show K - Ind E= = n, where E° is the n-dimensional Luclidean
e. In view of proposition 2.2. it is sufficient to prove

Ind E' > n. We shall derive a contradiction from the assumption
Ind E® <n - 1. Let C, = {x| o (x,pm) = 1} where P, is a point the

ance of which to theoriging is 3m, m = 1, 2,
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Let C = u {Cm | m=1, 2, ...}. A map of the closed set C onto the
standard sphere Sn-1 is defined by sending each Cm isometrically onto
Sn_1. From the assumption K - Ind E' <n - 1, by virtue of theorem 2,

it follows that there exists a compact set F in E' with F < EX \ C

such that f has a continuous extension over X \ F. Since a compact set
is bounded, this results in retractions of the n - cell to its boundery.

-

>.  NORMAL FAMILIES

FURTHER CONVENTION. From now on all spaces are assumed to be metrizable.

The theory of normal families is due to Hurewicz [18].
[t greatly simplifies the deduction of the fundamental theorems of the
inductive theory for separable spaces. The theory of normal families
1as been adapted for general metrizable spaces by Morita [21] in order
;0 establish the theory of strong inductive dimension for (general)
netrizable spaces.
[n this section we give an outline of this theory (without proofs) and
indicate its relation to the notion of surplus. In sections 7 and 8

chis theory will be generalized (with proofs).

Let P be a class of spaces. We shall say that P is countably

‘locally finitely) closed additive if X € P whenever there is a coun-

;able (locally finite) closed cover F of X with F c P.

Jefinition 1. We shall say that a topologically closed class M of

netrizable spaces is a normal family if the following conditions

ire satisfied:

1. M is monotone,

2, M is countably closed additive,

3. M is locally finitely closed additive.

ixamples of normal families.
1. {g}.
2. A space is said to be locally countable if each point has a coun-

;able neighborhoud. Let
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{X | X has a countable closed cover of locally countable sets}.

Ind + 1 is known as the rational dimension.

5 a normal family.

inition 2. For any topologically closed class of metrizable spaces

> define a new class P' of metrizable spaces as follows:

P' if each non-empty closed subset F of X has arbitrarily small
1 neighborhoods U such that B(U) ¢ P.

agree that P(n+1) = (P(n))' forn =0, 1, 2, ... and P(O) = P.

mple. Let P be a class of spaces. Let n = -1,
P(n+1) if and only if P - Ind X = n.

is is the reason why all dimension numbers should be raised by one).
2 we list the fundamental theorems of the theory of normal families.

>rem 1. The class DO = {X \ Ind X < 0} is a normal family.
rem 2. If M is a normal family, then M' is also a normal family.

>rem 3. Let M be a normal family.
bace X belongs to M' if and only if there exist two subspaces Y and

ich that X =Y u Z, Y € Mand Ind Z = O.

srve that theorem 1 is a special case of theorem 2. However in the
>ry of normal families the proofs of theorems 1 and 2 are totally
ferent and theorem 1 in combination with theorem 3 is used to prove
>rem 2. In section 7 we shall show that the theorems can be re-
inged in such a way that theorems similar to theorems 1 and 2 can
>roved simultaneously.

us collect some consequences of theorems 1, 2 and 3.

= {X | Ind X < k} is a normal family by virtue of theorems 1 and 2,
-1, 0, 1, 2, .... From this we get the following theorems.

subset theorem. If Y is a subset of a space X and Ind X < n, then

Y <n.

countable sum theorem. Let {Fi | i =1, 2, ...} be a countable

sed cover of X such that Ind Fi <nfori=1,2, ... . Then Ind X < n.
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The locally finite sum theorem. Let {FY | Y € '} be a locally finite
zlosed covering of X such that Ind FY <n for each vy € T,
Then Ind X < n.

By applying theorem 3 repeatedly we get the following theorems.

The decomposition theorem. Ind X < n if and only if X is the union of

1 + 1 subspaces of dimension < 0.

[he addition theorem. ILet X =Y U Z. Then Ind X < Ind Y + Ind Z + 1.

The s:.cision theorem. Let M be a normal family. Then M - Ind = M - Sur

emarks 1. A generalization of the addition theorem has already'been
ziven in theorem 4.2,
2. Except for [10], the theory of normal families has never been em-
sloyed for the study of dimension modulo a class. Normal families have
>een designed for a systematic deduction of the fundamental theorems
>f dimension theory. In view of the special role of zero-dimensional
spaces (theorem 1 above) and because of the strength of condition N1,
>ther applications of normal families can hardly - be expected.

In sections 7 and 8 we shall show that by rearranging the theorems

and by relaxing condition N1 (as has been done in [10]), a new theory

7ith applications to dimension modulo a class can be obtained.

{. THE SUM THEOREMS

Jefinition 1. We shall say that a class N of metrizable spaces is a

regular family if the following conditions are satisfied:

1. N is closed monotone,

2. N is countably closed additive.

ixamples of regular families.
1. Every normal family is regular.
2. The class of all countable spaces is a regular family.

3. The class of all o-compact spaces is a regular family.

lheorem 1. If N is a regular family, then N' is also a regular family.
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f. Suppose N is a regular family. We shall show that N' is also

lar in three steps.

N' is closed monotone.

is proved in theorem 4.1.

N' is open monotone.

£ (cf.[3] 11.3). Let X € N' and let V be an open subset of X.

F be a closed subset of V and let UO be an open neighborhood of

. V. Write V.= u {Fi l i=1,2, ...} with F. closed in X and

- Int F. ., (Int denotes the interior in X). Let ., i=1,2, «ev,
pen subsets of X such that

cly W., , cW <U_ and n{W, | i=1,2, ...} =F.

each 1, F n Fi c Wi n Int Fi+1 c Fi+1'

irtue of A we have Fi e N', 1 =1, 2,

+1
. the definition of N' it follows that there exists an open set
ith Fn F, cU; W, nlIntF . and BV(Ui) eN({Hd=1,2, ...).
U=u {U | i =1, 2, ...}. Since the collection {u, | i
J0) € v ByU) |

(U) € ll. The inclusions F c U c UO are evident.

1]
-
n
——

ocally finite on V \ F, we have B i=1,2, ...}
e N is regular, B

Ve N'.

v

rk. For later use we make the observation that {BV(Ui) |i=1,2, ...]

. locally finite cover of u {BV(Ui) | i=1,2, ...}.

N' is countable closed additive.

f (ef.[3] 10.4). Let X = u {Xi | i =1, 2, ...} where X, is closed

. and Xi e N'.

ne F1 = X1 and Fi = Xi \u {Xj

X=u{F, [i=1,2

over (1) Fi e N' (by virtue of B),

(2) U{FJ. | 3

let K1 be a non-empty closed subset of X and U an open neighborhood
in X. Let L, = X \ U.

1

1
G1 = K1 n F1 and H1 = L1 n F1.

| 3= 1, couy i1}, 122,

s, «..} and the F. are pairwise disjoint.
i

1, vvev, 1} is closed in X for each i.




-15-

V., of

lnce F1 e N', there are a closed subset C 10 Yy

: such that G1 c U1, H1 c V1 and C1 e M.

W K1 u U1 and L1 ] V1 are disjoint closed subsets of X \ C1.

2t K, and L, be disjoint closed neighborhoods of K

1 and open subsets U

u U1 and L, u 'V

2 2 1 1 1
1 X\ C1.
; is to be observed that ch(Kg) n ch(Lg) <C..
w let G2 = K2 n F2 and H2 = L2 n F2.
.nce F2 e N', there is a closed subset 02 of F2 and open subsets
> V2 of F2 such that G2 c U2, H2 c V2 and 02 e N.

is closed in X (If pe F

)serve that C1 ucC is an accumulation point

2 1

1). Also C, U C, € N, because c,

U 02 and N satisfies the conditions R1 and R2.
1ductively we define Kn’ Ln and a set Cn e N.
nally, we let K = u {K_ | n=1,2, ...}, L=u {L, | n=1,2, ...}
d C=vu {cn | n=1,2, ...}.

cK c U, K is open in X, and B(K) < C.

> C,, then p e C is an F_ subset of

|
* virtue of conditions R1 and R2, B(K) € N. Thus X € N'.

first consequence of theorem 1 is

le_countable sum theorem. Suppose N is a regular family.

et'{Fi | i =1, 2, ...} be a countable closed covering of X such that

- Ind Fi <nfori=1,2, ..., Then N - Ind X < n.

ifinition 2. A regular family is said to be semi-normal if it is lo-

111y finitely closed additive.

tamples of semi-normal families.

_ The class A(1) of all o-locally compact spaces is a semi-normal family.
It is sufficient to check that this class is locally finitely closed

lditive. Let {X& | ¥ € T} be a locally finite closed cover of X with

€ A(1) for every y e I'. Let EY =u {EYl | i=1, 2, ...}, where EYl

- locally compact. For every i, EYl is open in cl(EYl), hence an F_ in

.(EYl) and consequently EYl is an F0 in X.

\us we may assume that EY = {Eyl | i=1,2, ... with EYl locally
mpact and closed in X. Then, for each i, the set Fi =y {EYl | Yy € T}
locally compact. Hence X € A(1).
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As has been shown by Stone [25] the class A(1) can be described
he class of all absolute Fc spaces; a space X is salid to be an
vlute Fo—space if, whenever X is a subspace of a metrizable space
{is an Fc subset of Y (or, equivalently, X is a member of the
tive Borel class 1 in Y).
he class A(oa) of all absolute Borel sets of additive class a,

‘e 2 <o < §; is a semi-normal family (see [2] for definitions).
legant proof of the locally finite closed additivity is given in
l.

wvery normal family is semi-normal.

rem 2. If N is a semi-normal family, then N' is alsoc a semi-nor-

family.

f. Suppose N is semi-normal. Since any semi-normal family is
dar, in view of theorem 1 we need only show that N' is locally fi-
1y ciosed additive.

X=u {XY | ¥ € I} be a locally finite closed covering of X such

XY e N' for every vy € T'. In a standard fashion we can find a lo-

y finite open cover {Ué § € A} and a closed cover {Fé | 6 € A}

. such that for each §, F& < L, and cl(UG
members of the collection {XY | Yy € T}. Since N' is a regular

ly, cl UY e N' for each §.

) meets at most finitely

A be a closed subset of X and W and open neighborhood of A.
W is a neighborhood of Fi n A in the subspace cl US'
e there exists an open subset V6 of X such that

Acc V6 c UG n W and B(VS) e N.

e {B(Vﬁ) ‘ § € A} is a locally finite closed cover of

(Vd) | § € A}, we have u {B(VS) | 6§ € 4} € N.

V=u {V6 | 6 € A}.Then A ¢ V < X \ B and, by theorem 1, B(V) e N.

e X e N',

As a consequence of theorem 2 we get

locally finite sum theorem. Suppose N is a semi-normal family.

{FY | ¥ € I} be a locally finite closed covering of X such that
Ind Fsz n for each Yy € I'. Then N - Ind X < n.
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lemark. The above theorem holds under weaker assumptions on !

(see [10]).

3. THE EXCISION THEOREM.

heorem 1. Let N be a semi-normal family.
\ space X belongs to N' if and only if there exist two subspaces Y

Z such that X =Y u Z, Y € N and Ind Z = 0.

>roof. In view of proposition 4.2 it is sufficient to prove the
' only if" part. Suppose X € N'. In a standard fashion we can get
a framework of a g-locally finite basis of X i.e. an open collecti¢

[UY | ¥ € T} and a closed collection {FY | ¥ € T} such that

1.0 FY c UY for every ¥ € T, and

s Y

2. if {VY | ¥ € T} is an open collection such that FY c VY c UY

then it is a o-locally finite basis of X.

For each vy ¢ T there is an open WY satisfying

?Y © W, < U end B(Wy) e N.

et Y = u {B(Wy) | ¥y e T} and 2 = X \ Y.

Then Y € N in view of the condition R2 and the locally finite close
additivity of N. The subspace Z has a o-locally finite open base B
such that B(V) = ¢ for every V e B.

It remains to show Ind Z < 0. Let B = v {Bi | i=1,2, ...}
for locally finite open collections Bi' Let F be a non-empty close«
subset of Z and U a neighborhood of F in Z.

For every i let

U.

;=2\Nu{V | VnF=¢,Veu B, | 3 =1, ..., i}}, and

J
V. =u{V|VcUu,Veu {Bj | 3 =1, ..., i}}.

i
Both Ui and Vi are open as well as closed.

Let W, = U, n V.. Then (W, | i =1, 2, ...} is locally finite on Z
[t follows that W =u {Wi | i =1, 2, ...} satisfies
FcWcUandB(W)=¢ . Hence Ind Z < 0.
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dllary. Suppose M is a semi-normal family. Let n = 0.
1d X < n if and only if there exists a o0-locally finite open base

>r X such that M-Ind B(V)

IA

n - 1 for every V e B.

From the special case n = 0, M = {@} of this corollary it is
ily deduced that DO = {X | Ind X < 0}is monotone. Combined with

>rem 1, this result gives a proof of theorem 6.2. NOW, ALL THEOREM
SECTION 6 HAVE BEEN PROVED.

By applying theorem 1 repeatedly we get

EXCISION THEOREM. Suppose M is a semi-normal family. Then
1d = M=Sur.

important consequence of the excision theorem is the following:

If M is a semi-normal family, then a theorem for M-Ind gives a
>rem for M-Sur, and conversily. Thus the corollary above holds alsc
M-Sur. The theorems for P-Sur below, which easily follow from the
inition of P-Sur and the theorems of dimension theory in section 6
Ld corresponding theorems for P-Ind, whenever P is a semi-normal

Lly.

set_theorem. If P is monotone, then P-Sur Y < n, whenever Y c X
P-Sur X < n.

mposition theorem. Suppose P is additive. Tien P-Sur X < n if

only if X = u {Xi | i=1, ..., n+ 1} with P-Sur X <0, i =

) eeey 1,

following proposition will give a partial answer to the extension
1lem.
osition 1. Suppose P is an additive family which contains the

s of topologically complete spaces. Then P-Def < P-Sur.

f. Suppose P - Sur X <n. Let X c Y and Y topologically complete
Y € P). There exists a P - kernel A of X such that Ind X \ A < n.
irtue of a theorem of Tumarkin ([4], theorem II.10) there exists
~ subset B of Y such that X \ A < B and Ind B < n.

topologically complete, so B € P. The additivity of P gives
AuBeP. IndZ \ X<1Ind B <n. Hence P - Def X < n.
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Theorem 2. Let 2 < o < Q. Let A(m)'be the class of all absolute Borel
sets of additive class a. Then

(o) = Ind = A(a) - Sur = \(a) - Def.

The following example shows that for the class A(1) of all
y-locally compact spaces the exquality A(1) - Ind = A(1) - Def does
10t hold (thus resolving a conjecture of Nagata in the negative [22]).
ixample. Here we present an example of a separable space X with
A(1) - Ind X = 0 and A(1) - Def X = 1.

{t | t € I and t is rationall

et I denote the unit interval, Q
ind B=1 \ Q.

X is the subspace of I x I x I given by

= (I xIxQ)u (BxBxB).

\s is easily seen A(1) - Ind X = A(1) - Sur X = 0.

The proof of A(1) - Def X = 1 makes use of the Baire category theorem
(B x B x B is topologically complete) and of the fact that X is not

rimcompact (theorem in section 1) (see [9] for more details).

). COVERING DIMENSION MODULO A CLASS

The most satisfactory answer to the extension problem is given
through covering dimension modulo a class [101].

Let Y be a P - hull of a space X. Covering dimension applied to
the remainder Y \ X leads naturally to the concept of a P - border
cover and the order of a P - border cover (cf.[2L4] and [6]). In this
section we shall define the covering dimensions modulo a class P and
summarize the main results on the relations between P - Sur, P - Ind
and the covering dimensions.

We adopt the sntadard conventions for collections (e.g. [4] I.1).
Let U be a collection in a topological space X and p a point of X.

The order of U at p is the number of distinct members of U which con-

tain p, and we denote it by ordp U. The order of U is the supremum of

a ul X}.
{or 0 p € X}

Definition 1. Let P be a class of spaces. A P - border cover of a

space X is an open collection V such that (X \ u V) ¢ P
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closed P - kernel X \ u V is called the enclosure of V.

call the convention @ e P).

inition 2. Let P be a class of spaces and X be a space.

dim X < n if for any finite P - border cover U of X there exists
- border cover V such that V < U and order V < n + 1.

Dim X €< n if for any P - border cover U of X there exists

- border cover U such that V < U and order V < n + 1.

dim and P - Dim are called the small and large covering dimension

ulo P respectively.

711l be agreed that P - dim X = P - Dim X = 1 if and only if X € P.

n P={@¢}, we drop the prefix P and simbly write dim.

is well-known Dim = dim on the class of metrizable spaces.
elementary proof of this equality for paracompact spaces, which is
to de Vries, is given in [L4]. It is surprising that this proof can
adapted for dimensions modulo P under mild assumptions on P (theorem

2low).
position 1. P - dim and P - Dim are topological invariants.
position 2. P - dim < P - Dim < dim.

olem. Recall that if P c Q , then Q - Ind < P - Ind (proposition 2.1).
nilar result holds for Sur and Def. We conjecture that P ¢ Q@ does
imply Q - dim < P - dim in general (a Q - border cover need not

a P - border cover!).

mple. Let C be the class of topologically complete spaces.

Z = Q X In, when I denotes the unit interval and Q = {t [ t el

t is rationall.

shall show C -= dim Z = C - Dim Z = n. In view of proposition 2 above
1eed only prove C - dim Z = n.

e dim I" = n, there is a finite open cover U= {U | y € T} of i

1 that for every open cover V of I" with V < U we have order

n+ 1. U= qx UY | v € '} is a cover of Z.

W be a border cover of Z with enclosure C such that W < U*.
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ince Q is not topologically complete, there is a q € Q with
q} X " heC= ¢ (the natural projection of Q X 1" onto Q is a perfect
ap). It follows that the restruction of W to {q} x I" has order

n + 1. Hence order W#>n + 1 and C = dim Z = n.

A class of spaces P is said to be weakly additive if Z e P,

henever Z = X u Y with X closed, X € P-rand Y € P.-

efinition 3. We shall say that a topologically closed class M of

etrizable spaces is a cosmic family if the following conditions are

atisfied:

1. M is closed monotone,

2. M is weakly additive,

3. M-is- locally finitely closed additive.

ny semi-normal family is a cosmic family, and any cosmic family which
s countably closed additive, is semi-normal. Every regular family
atisfies €csiiktions C1 and C2.°

It should be observed that a cosmic family is open monotone.

his is clear since any open set V in X can be written as
. _ _ 1 1
—U{Hk|k-O,1,...},wherer—-{x k———Hsp(x,X\v)sE}.

y virtue of C1 and C3 we have V e¢ M, whenever X ¢ M and M is cosmic.

urther examples of cosmic families.

he classes M(a) of all absolute Borel sets of multiplicative class o,
here 1 < a < Q, are cosmic families.

joserve that M(1) is the class C of topologically complete spaces.

low we mention without proofs some important results from [10]

or small modifications of them).

Theorem 1. Suppose M is a cosmic family. Then

L. M' is also a cosmic family (remark in the proof of theorem T.1);

3. M - dim, M - Dim and M - Ind satisfy the locally finite sum theorem;
3. M- da&m=M-Dim < M - Ingd;

and every closed subset C of X \ F and every (continuous) map

f:C~> Sn, there exists a closed M - kernel G of X \ F such that
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G <X\ C and f can be extended over X \ (F u G);
Let F be a closed M - kernel of X. Then M = Dim X \ F =
M - Dim X (Note the equality).

orem 2. Suppose R is a regular family. Then R - Dim = R - Sur.

DUALITY THEOREMS.

The duality of kernels and hulls (surplus and deficiency) becomes

ar through covering dimension (ef. [10] section 7).

inition 1. We shall say that two subsets X and Y of a space Z are

plementary in Z if Z=X u Y and X n Y = @.

P and Q be classes of spaces. A space Z is called ambiguous rela—

¢ to P andQ provided that X € P if and only if Y ¢ Q4 whenever X

Y are complementary in Z.

:rve that in view of our convention ¢ ¢ P for every P , each space

iich is ambiguous with respect to P and Q , belongs to P n Q.

ples-,

£t S and C be the classes of o-compact spaces and topologically
)lete spaces respectively. Each compact space Z is ambiguous rela-
rto S and C .

et A(a) and M(a) be the classes of all absolute Borel sets of
tive and multiplicative class o respectively, 2 < a < Q.

n M(a) is the family of all spaces which are ambiguous velative
(a) and M(a). Using the classical terminology [2], A(a) n M(a) is
family of absolute ambiguous sets of class a.
rve that both A(g) and M(a) are Gg monotone as well as F_ monotone

2). Moreover M(1) < M(a) n A(a) for a > 2.

a 1. Suppose Z is ambiguous relative to P and Q .

Q - Def X < P - Sur Y, ~"“=2never X and Y are complementarv in 7.
proof of lemma 1 is trivial.

a 2. Suppose P is F, monotone. Then

Sur < P - Def.




-23-

roof. Let X be a space with P - Def X < », Let Y be a P - hull of X
rith Ind Y \ X = P - Def X. By virtue of a theorem of Tumarkin ([L4],
;heorem II.10) there exists a GG subset G of Y such that Y \ X c G
ind Ind G = Ind Y % X.

lmen F =Y \ G is an Fo subset of Y contained in X.

lence, F is a P - kernel of X. Ind X \ F < Ind G = P - Def X.

3o P - Sur X < P - Def X.

"heorem 1. Suppose that both P and Q arevFc monotone.
Juppose Z is ambiguous relative to P and Q .
en P -Def X =P -Sur X=0Q -=Def Y = Q - Sur Y.

\

droof. P -Def X 2P -Sur X=2Q ~-Def Y 20Q —Sur Y 2 P - Def X.

[heorem 2. Let 2 < a < Q. Then
\(a) - Sur = A(a) - Def, M(a) - Sur = M(a) - Def and
M) n Ala)l - Sur = [M(a) n A(a)] - Def.

>roof. Let X € A(a). Let X ¢ Y € M(1). Then X and Y \ X are comple-

nentary sets of Y and Y is ambiguous relative to A(a) and M(a).

{ow we are going to prove similar results for covering dimensions
nodulo a class.
Jonvention. If U = {VY | v € T} is a collection in X and Y < X then

/ | Y - the restruction of V to Y - is the collection {VY nY | yerTl}

emma 3. Let Y be a subspace of Z. For every open collection U of Y
there exists an open collection U of X such that V | Y = U and

>rder U = order V .
Proof. See [2]1, 15, XIII.

Lemma 4. Suppose P and ¢ are closed monotone.

Let Z be ambiguous relative P and Q and let X and Y be complementary
in Z. Let U be an open collection in Z.

Then U | X is a P - border cover of X if and only if U | Y is a

2 - border cover of Y.




s ) I

of. Let W=uU. If X\ We P, thenZ \ (X \ W) e Q.
Z\ (X\W)=YuWand Y \ Wis a closed subset of Y u W. Hence
W e Q, whenever X \ W € P. The lemma follows.

orem 2. Suppose P and Q are closed monotone. Suppose Z is ambiguous
ative to P and Q.
nP-DimX=0Q-DimY and P - dim X = Q - dim Y, whenever X and

re cuamplementary in Z.

of. Since the proofs for the small and large covering dimensions
very similar, we only prove the theorem for Dim.

to symmetry we need only prove P - Dim X < Q - Dim Y, whenever

nd Y are complementary in Z.

pose Q - Dim Y < n. Let U be a P - border cover of X.

U* ve an open collection in Z with u* | X = U. By virtue of lemma
u* | Y is a Q - border cover of Y.

ce Q - Dim Y < n, this Q - border cover has a Q - border cover
inement V of order < n + 1. Using lemma 3, we form an open collec-
« V" in 2 with V¥ | Y=V, order V* = order V and V* < u. Again
virtue of lemma L, y* | X is a P - border cover of X. V* | X < U

order V* | X<n+ 1. So P -Dim X < n.

+ e, .
nple. Let Z = i 1, where I denotes the unit interval.

Q = {t | t € I and t rationall.
7 is given by X = Qx I, Let Y = Z \ X.
5 ambiguous relative to S and C (the classes of all ¢ - compact and
>logically complete spaces respectively). By virtue of theorem 2,
C-DimX=3-Dim Y (= n).
S-DimX=C-DimY (= -1).

EXTENSION THEOREM

In this section we shall give sufficient conditions for
Dim = P - Def (ef. [10], section 6).
P - Def) and theorem 9.1. C

IA

7iew of proposition 4.5 (P - Ind

A

- Dim < P - Ind) we have P - Dim < P - Def for every cosmic family.

> we give a direct proof of this.
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hoerem 1. Suppose P is a cosmic family. Then

P - Dim < P - Def.

roof. Suppose P - Def X < n. Let F be a P - hull of X with Ind

\ X < n. Let Ube a P - border cover of X with enclosure G (G is a
losed P - kernel of X). Let u* be an open collection in F with
* | X = U. The set W=u u* is an open subset of F and hence W e P.
ince GnW=¢, Y=GuUWis a P - hull of X, because P is weakly
dditive. Also, Ind Y \ X < n. As in the proof of theorem 10.2 we can
btain an open collection V in Y such that order V <n + 1, V | X < U
nd V is a cover of ¥ \ X.

\ UV is a closed subset of Y contained in X. It follows that V | X
s a P - border cover of X of order < n + 1, which refines the given

' = border cover U.

The following definition is suggested by the excision theorem

nd the duality of surplus and deficiency.

efinition 1. A class P is said to be countably open multiplicative

f for each Y € P and each non-empty countable collection
Xi | i =1, 2...} of P - kernels of Y the intersection
D=0 X | i =1, 2, ...} belongs to P, whenever Xj \ X is open in

"\ X for J =1, 2, ...

't is clear that the notion of countably open multiplicatively and
hat of countable closed additivity are dual concepts. Observe that
ypen monotonicity and countable open multiplicativity of a class imply
;6 monotonicity of the class.

,emma 1. Suppose P is a cosmic family which is countably open multi-

ylicative. Then P - Dim X = P - Def X provided X has a P - hull.

>roof. In view of theorem 1 we need only prove P — Def < P - Dim,

et Y be a P = hull of X and P - Dim X = n. We assume X is dense in Y.
et U, = {8, (x) | x € Y \ X}, where s, (x) = {y | olxsy) < 1}.

11' = u1 ‘ X is a P - border cover of X. Let V1 be a border cover of

{ with enclosure F1 such that V1 < U1' and order V1 <n+ 1. Let W1
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an open collection in Y such that d1 | X = 71 and order w1 = order V..

1 . Wk_1 have been defined.

>ose W_, .
Uk = {S% (x) | x e Y \ X}. Let Vk be a border cover of X with

Losure Fk which refines (Uk A Wk_1) | X and has order < n + 1. Let

e an open collection such that Wk | X = Vk’ wk < wk_1 and order
n+ 1.

additivity of P implies X =T U (u wk) e P.

>te by Z the set n {X_ | k =1, 2, ...}. Since F, © X cX_ for

1K, X c Z and Xk \Z= (u wk) \ Z. Consequently, countable open

L7AN

r

;ciplicitavily of P implies Z is a P - hull of X.
We shall show Ind Z \ X < n.
Wk' =W | Z\ X. Then {wk' | xk =1, 2, ...} is a sequence of open

k
:rings of Z \ X such that
1. w£+1 < wk', k=1,2, ... 3
2. order Wk' Sn+1,k=1,2, ... 3

' =
3. mesh Wk < mesh wk mesh Vk < mesh Uk <

= o

‘4] theorem V.1 it follows that Ind Z \ X < n.
‘e P-Def X <n=P - Dim X.

.nition 2. A class P is said to be universal if every space X

a P - hull.

yosition 1. Suppose P is a GG monotone class. Then P is universal
ind only if P contains the class C of all topologically complete
res.

)f. Observe that a topologically complete space is an absolute GG'

mple. {@} is not universal.

From lemma 1, theorem 1, proposition 4,5 and theorem 9.1 we get

following result.

EXTENSION THEOREM. Suppose P is a cosmic family which is countably
1 multiplicative and universal. Then

P-Ind =P - Dim = P - Def.




L

ixamples. The conditions of the extension theorem are satisfied by
she classes M(a) of all absolute Borel sets of multiplicative class
1, 1 < a < Q.0bserve that M(1) = C, the class of topologically complete
spaces, is the smallest class which satisfies the conditions of the

oreceding theorem.

Many results on surplus and deficiency as well as the duality of

these concepts can be summarized as follows ([10], theorem T.5).

Thoerem 2. Suppose P and Q are Fc monotone and weakly additive.
Suppose Z is ambiguous relative to P and Q.

Then, if P is countably open multiplicative or if Q is countably
closed additive,

P-Def X=P-SurX=P-DimX=0Q-DimY=0Q -Sur Y =0Q - Def Y,

vhenever X and Y are complementary in Z.

Application. For 2:< a < Q,
A(a) - Dim = A(a) - Sur = A(a) - Def, and

M(a) - Dim = M(a) - Def = M(a) - Sur.

1}
[}

Example. Let C denote the class of topologically complete spaces.

Let Z be the subspace of I x I given by 2 =I x Q uQ x I (I is the

unit interval and Q is the set of rationals).

By virtue of the extension theorem, C - Ind Z = C - Dim Z = C Def Z = 0.
By a simple application of the Baire category theorem, it can be

shown that C — Sur Z = 1. So the complement of any C - kernel of Z

has dimension one! None the less, every C - border cover of X has a

C - border cover refinement of order one !

REFERENCES
Books
W. Hurewicz and H. Wallman Dimension theory, Princeton 1948.
C. Kuratowski Topologie I, Warszawa 1958.
K. Nagami Dimension theory, New York 1970.

J. Nagata Modern dimension theory, Groningen 1965.




Research papers

J.M. Aarts

J.M. Aarts

J.M. Aarts

J.M. Aarts and T iura
J.M. Aarts and T iura
J.M. Aarts and T iura
T. Akasaki

K. Borsuk

S. Eilenberg

R. Engelking

J. de Groot
J. de Groot
J. de Groot and ' hiura

W. Hurewicz

A. Lelek

S. MardeSic

.sion and deficiency in general topology,
s, Amsterdam 1966,

eteness degree. A generalization of
sion, Fund. Math. 63 (1968), 27 - k1,
racterization of strong inductive di-
on, Fund. Math. 70 (1971), 147 - 155,
ilenberg-Borsuk duality theorem, to

r in Indagationes Mathematicae.

1s in dimension theory, to appear.

ing dimension modulo a class of spaces,
pear. |

ilenberg-Borsuk duality theorem for

c spaces, Duke Math.J. 32 (1965),

60.

éoréme sur les prolongements des trans-
tions, Fund.Math. 29 (1937), 161-166.
éoréme de dualité, Fund.Math. 26

), 280-282.

rel sets and B-measurable functions in
c spaces, Prace.Mat. 10 (1967), 1L45-1L49.
ogische studién, Thesis, Groningen 1942.
ar on compactification and dimension
tric spaces (mimeographed report).

tive compactness as a generalization of
ompactness, Fund.Math. 58 (1966),

18.

lbereich und Dimensionstheorie, Math.

96 (1927), 736-T6k.

sion and mappings of spaces with finite
iency, Colloq.Math. 12 (196k4), 221-227.
nuous images of ordered compacta and a
imension which neglects metric subcon-

. Transaction Amer.Math.Soc. 121 (1966),
33.




c21]

[22]

(23]

[2L]

[25]

(261

=1

=

ta

ta

iura

Smirnov

one

in

290~

rmal families and dimension theory for
tric spaces, Math.Ann. 128 (1954),

d-362.

ne aspects of extension theory in general
pology, International symposium on exten-
on theory, Berlin 1967, 157-161.
ductive invariants and dimension theory,
nd.Math. 59 (1966), 243-262.
er die Dimension der Adjunkten bei
mpaktifizierungen, Monatsberichte Deutsche
ad.Wiss. Berlin T (1965) 230-232.
solu.tevFU spaces, Proc.Amer.Math.Soc. 13
962), L95-L99.

semicompact spaces, Amer.J.Math. 57
935), 327-3h41.







